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In problems of mathematical physics, instead of investigating an
ideally elastic model it is sometimes necessary to analyze some others
which take into account the imperfections of real materials. When so
doing, it is possible to meet the demands of practice without leaving
the realm of linear problems. Such problems, for instance, are those
of theoretical seismology concerning the propagation of vibrations
from a source (explosion), which fit to a high degree of accuracy

into the realm of linear processes,

1. Stress-strain relations. Equations of metion. For the
sake of brevity, a symbolic notation for the relations, the meaning of
which is obvious, will be adopted. let the relations between the stresses
o and the strains ¢ be given as follows:

G = hs 4 Kz (1.1

where k is an elastic constant, and K, is some linear operator (either a
differential operator with respect to time with constant coefficients,
or a Volterra type integral operator with respect to time with a diffe-
rential kernel). Relations (1.1), in the case of an isotropic and homo-
geneous body which will be investigated here, are characterized by two
elastic constants A, p (Lame constants) and an operator K,, which will
appear in the relations with different constant coefficients A”, y”.
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Furthermore, it is also assumed that

This is a restriction of the method presented below.

The introduction of additional terms into Hooke's law according to
(1.1) takes into account, to some extent, the dissipation of energy in
particle oscillations in real mateérials.

Therefore, it will be assumed that (1.1) describes a material with
dissipation of energy. In this paper such a material will be called a
D-medium.

The equations of motion in terms of displacements can be written in a
form analogous to Lame’s form for the ideally elastic medium, replacing
the elastic constants A, p by linear (with respect to time) operators:

A=\4 VK, M =un + WK, (1.3)
Then the equations of motion of the D-medium become:
(A + 2M)graddivu— M rot rotu = p %% (1.4)

where u = u {x, y, z, t) is the displacement vector written in the
Cartesian coordinate system (x, y, z).

Equations (1.4) can be rewritten in a different form assuming the
interchangeability of the operations K, and differentiation with respect
to the coordinates, and applying condition (1.2):

N . a2 -
(M + 2p) grad div (1 + oK) u — protrot (1 + wK ) u = P’éi‘; (1.5)

Let the displacement vector u be represented in the usual way by the

sum

u == grad ¢ -+ rot ¢ {1.8)

where ¢ is a scalar and ¢ the vector potential of the displacement field.
Then (1.5) can be replaced by an equivalent® system of equations in terms
of the unknown functions ¢ (x,y,z,t) and ¢ (x,y,2,1):

) e - P
(1 4 oK) Ap = a* 52 <a_ ]/m>

Wrokyag=0%8 (= %)

(1.7)

* The representation of u in the form (1.6) is correct within the order
of accuracy of the Laplace vector., It is in this sense that the equi-
valence of (1.5) and (1.7) is understood.
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Here a and b are the reciprocals of the velocities of propagation of
longitudinal and transverse waves in an elastic medium, respectively. By
analogy to the classical theory of elasticity and for the sake of con-
venience equations (1.7) will be called "wave equations® below.

The symbolic relation (1.1), or, what is the same, the equations of
motion (1.5) characterize almost every model of the nonideal theory of
elasticity that was proposed until the present time. Actually the latter
equations can be divided into two groups:

(a) The first group is characterized by a differential operator Kt'
which is linear and has constant coefficients; to this group belong the
visco-elastic medium -- the Voigt model [ 1] -- and the medium with
dissipation of energy -- the Newlands model {2 1.

(b) The second group is characterized by an integral operator Kt of
the Volterra type with a differential kernel; to this group belong the
model of a medium with an elastic after effect -~ the Boltzmann model
{31 -- and the model of a medium with relaxation (Maxwell [4 ]), which
actually is contained in the Boltzmann model. These two groups fit
completely into the general class of problems examined in this paper.

Since it is not possible to give in a short article a complete survey
of work devoted to the investigation of the above mentioned definite
models (of group (8) and (b) ), only a few papers will be noted here. In
the article by Thompson [5 ] an account of the history of the problem is
given, and the general derivation (on the basis of thermodynamic con-
siderations) of the equations of motion of the visco-elastic medium and
the medium with an elastic after effect is shown. The studies of Ricker
[61 and Voit [7] are devoted to the analysis of nonstationary processes
in an infinite visco-elastic medium, described by one wave equation (1.7),
with the assumption that the operator is K, = d/dt.

Dynamic problems for a medium with an elastic after effect were
studied by Gogoladze {8 ] and Deringin {9 ]. In this case the operator
Kt was determined in the following way:

t
Kjf(t) = S h(t—=)f (1) dr (1.8)
—

Here h(t) is an after effect function, and f(x,y,z,t) is a function

of the class from which the operator was determined.

The second remark refers to the above mentioned restrictions (condi-
tion (1.2) and the presence of only one operator Kt in (L. ).

The following path of research, evidently, appears to be appropriate
in the investigation of dynamic problems for the D-medium. Inasmuch as
it is not clear beforehand what operators K, and parameters A”, p” should
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actually be chosen it is above all necessary to attempt to obtain a
solution for a wide class of operators, and at least for a few A", u’
(for example, for those which are subject to (1.2), which is equivalent
to the introduction of a parameter w ). Subsequently, the qualitative
laws characterizing the features of the wave propagation in D-media for
specific K, (for instance, K, = d/dt or (1.8) ) should be experimentally
verified; and only then it is necessary to go into the accurate investi-
gation of the constructed solutions. From this point of view the
restrictions mentioned, do not have such an artificial character as

they secemed to have at the beginning.

2. Formulation of the nonstationary problems for non-
ideally elastic media. The following problem will be studied. Let
U be some region occupied by the D-medium and bounded by the surface S.
The oscillations of particles of this body under the action of forces
applied on its surface at time t = 0 will be studied. Assume that the
medium is at rest at t < 0, and that the disturbances are produced by
the application of the following stresses on the surface S:

Ty=L,(u)ls, Ty=Ly(u)ls, Ts= Ls(u)ls 2.1)

Here Li' LZ, LS are the usual linear operators in Hooke's law, with
the difference that A, p are replaced by A and ¥ according to formulas
(1.3), and the functions T,, T,, T, are:*

Ti == fi (x: Y, Z) !S ai (t) (i = 1? 2, 3) (2'2)

The functions a;(t) describe the dependence of the reactions T; on
time (in particular, a;(t) can be the symbolic Dirac function §(t), or
the Heaviside unit function ¢ (t); f.(x,y,2z)/S describe the space distri-
bution of the reaction (in the particular problems introduced below the

f; studied will be the function 8(r)/r).

Thus, it is necessary to find ulx,y,z,t) from the equations of motion
(1.4) with zero initial conditions

Ufjmg = 0, ou/ot)o =0 (2.3)
and boundary conditions (2.1).

Note that because of the linearity of the problem (and for the sake
of brevity) the equations will be studied separately for the following
boundary conditions:

* The notation fi(x,y.z)/S denotes that the variables x, y, z are related
by the equation F(x,y,z) = 0 of the surface 8.
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4) Tlﬁ&o, ngTa—_-O
2) Tg#o, T12T3=O (2.4)
3) T30, Ty=T,=0

One of these problems, for example the first one, will be studied
more extensively. All discussions can then be simply applied also to
problems 2 and 3 of (2.4). Problem (1.4) - (2.3) - (2.1) for K, = 0 and
with t replaced by r will be called the first auxiliary problem.

Thus, the solution of the nonstationary problem of the elastic medium,
where the boundary reactions are given as before in the form (2.2) and all
a;(t) are replaced by 8(r ), will serve as an auxiliary solution.

The following one-dimensional problem will be studied as the second
auxiliary problem:

(i_*_wK)BBt 7 ama(ti, )

o=
im0 Ollicg

Theorem. The solution of problem (1.4) - (2.3) - (2.1) is given by
the formula

=0, (I+oK)R({E, t)]co=2a(l) (2.5)

u(z, y, z, t) =S w,(z, ¥, 2z, ) R(t, ©)drx (2.6)
0

where u,(x,y,z,7) is the solution of the first auxiliary problem, and
R(t,r) 1s the solution of problem (2.5).

Proof. Substituting u{x,y,z,t) in form (2.6) into the equation of
motion (1.5) and allowing for the possibility of repeated integration
with respect to the coordinates under the integral sign yields

o

8(1 + wK) R (2, ) [(M+ 20) grad divu, (z, y, z, ) —

0

R (¢, T)

- protrotuy (z, y, z, ")]dT_PS ETE)

“uy (7, y, 2, 7)dx

Inasmuch as u, appears as the solution of the auxiliary problem (i.e.
satisfies the Lame equations) then

e’ > 6 £ * in (2R ¥
p\ U+ oK) Rt TR0 Do o { LDy 0y, 2 5 ae
4] L]
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Use the equality

[+ ] [+

. 2 - 2 -

\ R, ) TME D D g S“a‘j__; Vug (r, yo 2 de (2.7)
0 [H]

which is obtained by integrating twice by parts.

In addition, it was necessary to assume that the following conditions
(of the type of the radiation condition) be satisfied:

R ;T B{"} —0 as - oo (2.8)

The last conditions are usually automatically satisfied in the
problems at hand. Then u{x,y,z,t) satisfies (1.5) by virtue of the equa-
tion for R{t,r).

The initial conditions for u{x,y,z,t) represented in the form (2.6)
are satisfied because of the zero imitial conditions for R{t,r ). In
verifying the boundary conditions one starts from the fact that the
basic problem is divided into three problems according to (2.4), and
only the solution for the first of them is to be verified. Substitute
ulx,y,z,t) in the form (2.6) into (2.1). Assuming that it is proper to
carry out the operation L, under the integral on 7, the following
expression for the first of the boundary conditions is obtained:

L@y, 2lsalt) = Lilus(e, y, 2, 91|01 + 0k )R, de (2.9)

]

If one considers that
Lilug(z, y, z, Dls=fi(®, ¥, 2)Isd(v)
(see the first auxiliary problem), then (2.9) is obviously satisfied by
virtue of the boundary condition for R(t,r) at 7 = 0 and for an arbitrary
fl(x,y,z)/S. In an analogous fashion also the boundary conditions of
problems 2 and 3 of (2.4) can be verified. Thus the basic theorem is
proved.

Remark 1. The solution no(x,y,z,r) for many interesting problems of
the dynamic theory of elasticity can be formed either by the method of
functional-invariant solutions of Smirnov and Sobolev [ 10 ], or by the
method of the incomplete separation of variables, proposed by Smirnov
{11 ] and developed by Petrashen’ [12, 13 1.

In such a way, for instance, solutions were formed for the elastic
half-space under nonstationary boundary point loads [ 13, 14 ], for
layerwise-isotropic media with parallel-plane separation boundaries fis1],
and for media with spherical or cylindrical separation boundaries fi61].
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Remark 2. It is necessary to show a method of forming and analyzing the
function R(t,r), which will be done in the following paragraph, in order
to consider the solution of these problems u(x,y,z,t) as being determined.

In the same fashion the basic formula (2.6) allows the construction of
solutions of the boundary value problems, mentioned in the first remark,
also for a D-medium (with some restrictions on the operator Kt of the same
type as before). In this sense the basic formula contains the general
qualitative result on the construction of solutions of dynamic problems
for D-media with the aid of already known solutions u,(z,y,2,7) and some
special functions R(t,7).

3. The Functions R(t,r). Let us study problem (2.5). By virtue
of the zero initial conditions of the problem the solution can be sought
in the form

1 o+tico
R(t, ©) = — S R, (s, ) ettds (Res = o> 0)

2wi
o—ico

and the application of the operator K, to R(t,r) leads to the formula

g-}-ico -}
KR(t, 7) = o S Ry(s, DK (s)etds (K = k3@ ar) (34)
ao—ico 0

Without dwelling on elementary calculations connected with the find-
ing of R (s,r) form problem (2.5), the final result is immediately
written as follows:

1T A /
s ST
- A06) Y P L —, | 2
R D=3 \ rorm®(® VT ok ) ‘) (3.2)

o—ico

(A (s) = §° a(t) e_s‘dt)

0

Here K(s) comes from (3.1), and the contour of integration is the
straight line Re s = > 0, parallel to the imaginary axis in the plane of

the complex variable s; the branch cut of the radical v 1 + w K(s) is
fixed by the condition

argV 14+ wK(s)=0 for ¢>0

The solution can be verified by direct substitution of (3.2) into
(2.5), where it is necessary to take into account relation (3.1). When
doing so, it is not necessary to consider the question of the
appropriateness of differentiating under a contour integral and going
to the limit in the verification of the initial and boundary conditions
inasmuch as all those operations are proper from the point of view of
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the theory of generalized functions, with which these problems deal.

Application of Borel's theorem to (3.2) yields
t
R(t, 9 =\a(t) Re(t —ts, )ds
0
Then also (2.6) can be rewritten as

t [
w@, y, 2, t) = Sa(tl) [g (2, ¥, 2, 1) Re(t — 1y, ) dr]dtl (3.3)
1] ¢

From the latter it obviously follows that the study of the function
Rs(t,r) is of basic interest:

g-}ico

1 i st
R (¢, 7) == = & mexp (St —-VT.:TQ_E—_(.S_).) ds (34)

G—im

Note, first of all, that Rs(t,r)» 8(t ~r) as @+ 0. Then, in the
limit @ = 0, formula (3.3) gives the solution of the elastic problem
uo(x,y,z,t) with a load that varies with time as a(t).

In particular, if a sufficiently smooth function is chosen for a(t),
then the classical sense of the limit solutions as well as the limiting
process @ » 0 itself can be justified.

Note the essential property of the integrand in R{t,r). The expression
1+ @ K(s) (and with it also the entire integral in (3.2) ) does not have
any singularities in the right hand half-plane of the complex variable s,
including the imaginary axis. For the integral operators K, this follows
directly from certain inequalities obtained from energy considerations;
for the differential operators K, this is in most cases an obvious fact.

Using this feature of the integrand in (3.4) the integral Rg(t,r) can
be given a real representation in the form of a Fourier integral. For
this purpose it is necessary to deform the contour of integration
Be s = ¢ > 0 into the imaginary axis and change the variable of integra-
tion in (3.4): s = i A, Then

Rs(t, ©) = ~i~§ e® cos V(I —%)u- @]? (3.5)

where AN N 0

. , . — T oein P - M 2

14 0K (N =u+ v = pei®, J=exp {\-—V—_psm?), B_VECOS 5
The presence of the factor €® in the integrand and the item 6 in the

cosine expression indicates damping and dispersion with the propagation
of disturbances in D-media.
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4. The solution of the nonstationary problem for the vise
elastic half-space. In this case the operator is K, = d/dt, and as :
consequence equations (1.5) and the boundary conditions are simplified.

The solution u(r,8,z,t) of equation (1.5) with zero initial condi-
tions (2.3) and concentrated loading on the boundary is to be found* in
the half-space z> 0, filled with a visco-elastic material. The statemen!
on the boundary conditions implies that at z = 0 at the point r = 0 the
following functions are given:

axisymmetric
a) T -M a(t)) Tn=0(@r=Y 2+ ( loading ) (4.1)

8 i non-symmetric
b) Ty, (r) a(t), T, =Ty, =0 (tangential loading) (4‘2)
In the case of the visco-elastic material the second auxiliary
function has the form:**
o4-ico
Rs(t, ©) = 2m Si 1_i_wsexp( V1+m)ds’ RBes=0>0 (4.3)
=100

In order to obtain the solution of the given problem according to the
basic formula (2.6), it is necessary to know u,(r,8,z,r). The latter ca
be obtatned, for instance, by a formal differentiation with respect to

t of the solutions of the dynamics problems for the elastic half-space
(13, 141.

In the case of an axisymmetric leading (4.1) uo(r,G.z,r) has the for
Uy == Up Ty + Ugk

o o+tico
u=2%,,3{2i e

g—100

VI VI .
— P g1, c)] d,,} kT, (kr) dk
o« at+ic —

Uy = 1_8{.1_8 [<2+¢2>V¢+vzcs o, O — (4.4)
SRz AR K@) LA .
VT T

— T g (1, O] e} kJo (kr) ik

gl O =exp[k(tF—2VT+ 70
* Por considerations of convenience the cylindrical coordinate system

(r,0,2) related to the Cartesian coordinate system (x,y,z) by the
usual transformation formulas is chosen.

** An analogous integral was studied by numerical methods in the paper
by Zverev [ 18],
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where

(=4, M.=VIit7@, M=YIf0
R Q) = (2 4 £?)* — 4M M, Re{l=10>0 (4.5)
argMo = arg My =0 for s>0

The solution of the problem with boundary condition (4.2) has an
analogous representation [ 14 ].

Consider briefly some physical consequences of the obtained solutions.
For this purpose uO(r,O,z,r) and R(t,r ) will be analyzed separately, and
the product of these functions will be integrated. As a result of this,
according to the basic formula (2.6), a representation of the behavior
of the solution of the problem u(r,8,z,t) will be obtained. For the sake
of brevity only an isolated typical expression, which is a part in the
description of the displacement field, will be investigated here.

At first uo(r,G,z,r) is to be analyzed. If one uses the asymptotic
methods of analysis (for large r) of the elastic problem, as shown in
(12, 13 ], then one can give the following representation of the main
parts of the displacement field, characterizing volumetric waves.

The term
{ o 10+im2VW ’
— s\ | PR e (1, O du kT, (k) dk 4.6)

0 G—100

taken from (4.4) (from the u,, component) characterizes the singularity
of the solution in the neighgorhood of the surface r? = b2(r? + 22) and
has there the following principal part:

z . A 1, Vl 1 ,2Cb‘2 I 1 -
—_ Sf = 2 222 el
27‘:[1. V; [( v2— b222).}2] K (Cb) ( b V'C bz )

(6= e—) | (4.7)

b2z?

.

All remaining terms from (4.4) can be analyzed in a similar fashion.
In addition one can also investigate in the usual way the surface waves
and conical waves, only that the latter will subsequently require a
numerical integration. Of main interest are, however, the volumetric
(longitudinal and transverse) waves described with the aid of (4.7). For
a complete description of the volumetric waves it is necessary to carry
out the integration with respect to r of the results (4.7) with a func-
tion Ry (t,r) corresponding to the basic formula. If it is assumed that a
simple integration formula for 8(¢£) can be derived



Integration of nonstationary limear boundary value problems 411

E(tg)=0 )

a1, B (48)

B
Y « _fltte 1, 9, 2)
éf("» r, 8, 2)8[¢(x)ldr = e (

then the final result for the reduced component displacement field can
be represented in the following way: the component (axisymmetric reaction)

z 1 [V|1+72£b2|

Uz = 2rurt Y @ g2 R Rs (¢, T)]

Tt (4.9)
Cb=ir27+-zi, =0 Vrt4 22
In this fashion everything is reduced to the analysis of the function
R(t,r) [or Rs(t,z,)] according to (3 3), where r = ay/r? + z2 in the case
of longitudinal waves, and r = by/r? + 22 in the case of transverse waves.

As was shown at the end of Section 3, the integral Rs(t,r) can be re-
presented as a Fourier integral

Rs(t, 1) = —::—ioexp (——ﬁsm q’)cos [)»(\t —V;cos 3)~ cp]? (4.10)
o

p=V 1+ ol P == arc tg wk

The damping and dispersion of waves in the stationary region are
characterized, respectively, by the functions

® A
z =08 5 4.41
exp ( Vp sin - ) V? €0 (4.11)
If the values of r are substituted (for the longitudinal and transverse
waves separately) into (4.11), then the damping and the dispersion can
be compared for longitudinal and transverse waves.

The approximate expressions of the functions (4.11) are to be studied.
For wA < 1 we obtain exp (-% Awr) in first approximation the damping
and no dispersion (the latter indicates that for frequencies A < ™! the
dispersion appears as an effect of a higher order in comparison to the
damping). For wA > 1 the damping and the dispersion are of the same
order. An experimental determination of the magnitude of w, as an indica-
tion of the qualitative bound on the frequency scale, can serve as a check
on the usefulness of the model analyzed for the description of dynamic
processes in real materials.

The function Rs(t,r) can be also expressed in an approximate fashion

o 1 1 (t—n)?
Ra (t, ‘C) e~ mm exp ("" —2;—-) (4-12)
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The last representation is convenient for the study of nonstationary
phenomena. Actyally, (4.12) indicates* the following effects: (1) at a
fixed point in space, the maximum disturbance is reached at t =r, i.e.
in a visco-elastic material the disturbances propagate with the velocities
1/a and 1/b, respectively; (2) for impulsive loads the wave is dome-
shaped, and the more sharply defined (for fixed r) the smaller the para-
meter @; (3) the shape of the wave acquires a more and more "washed out”
character with distance (the "diffusion" is proportional to the square
root of the distance travelled by the maximum disturbance); (4) there is
additional damping of waves because of dissipation of energy, which is
indicated by the presence of the factor (wr)™% in (4.12).

The experimental study of the gradual change of shape of a wave of one
type can indicate a method for determining the magnitude of w for real
materials.

Finally, note that if the condition (1.2) is removed and an additional
notation is introduced
o =7&’+2{J-’
1 A+ 2
then the formulas for the principal parts of (4.9) should be changed only
for the longitudinal waves by the replacement of R5(t,r) by

gt-ico
’

1 1 / sT
R&p (t, T) B —2—1—:2 S Tws exp \St — m)ds (4-13)

o—ico

Note also that from physical considerations w, < @ (this corresponds
also to experimental data).

3. Solution of the nonstationary problem for a half-space
occupied by a medium with an elastic after-effect. In this
case the operator K, is determined, as shown in Section 1 by
the relation (1.9). The function h(t — r) is unknown. It is necessary to
determine it from experimental data on physical characteristics of propa-
gation of waves in real materials. Here one can proceed in two ways: One
can assume beforehand a definite form for h{t — r), find the solution of
the problem, and then by comparing with experimental data choose a suit-
able h(t ~ r). A second way will be chosen here, however; namely, leaving
h(t — 7) unknown, the following simple conditions will be imposed on it:

{a) hlt, r) = h(t -~ ) (V. Volterra)

(b) h(t) 1is a positive and decreasing function as t » o (5.1)

<«

(c) mg h(tyde <1

0

* It should be noted that in (4.12) r should be replaced by ay r? + 72
for longitudinal waves and by b\/r2 + 2% for transverse waves.
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(the last inequality was obtained by Gogoladze [8 ] from the condi-
tion that the potential energy of deformation in the material analyzed
here is positive).

In this paragraph it is pointed out that it is in principle possible
to determine h(t) from experimental data on the propagation of waves.

The only difference between the solution of the problem for the half-
space occupied by a material with an elastic after effect and the problem
of Section 4 consists in the fact that in the basic formula (2.6), which
gives the solution to the problem, the uo(r,e,z,r) is to be taken from
(4.4), and for Rl(t,r) one should have

a+tico
Al . S,
Ryt ©) =5 ‘,_&imi““’” 7 %P (st T (s))ds (5.2)
Here A(s) comes from (3.2)
Res=06>0, arg V1 —wH(s)=0 for s>0
H(s) = Sh (t) et dt
0
Analyze closer the following function:
a+ico "
o

RIS (t 'C) 27“ S gy - ) exp (St i’f—:—:—;‘—f}@) ds (5-3)

The integrand in (5.3) is regular in the right-hand half-plane of the
compex variable s, including the imaginary axis. The latter is true by
virtue of the inequality

ol|H(s)| <1 (5.4)

which follows from conditions (b) and (c) on h(t) in (5.1). Then the
previous method of analysis can be applied to (5.3) by reducing the
problem to the Fourier integral. As a result of simple transformations
one obtains

Ris(t, 1) = -é-ioexp (—V—P-lsm q") cos [)\ (t — Vp_l cos 5 ) @1] ?1‘ (5.9)
0

plei“’i =4 — oH (l}\) =1 — Wiy + wy (H (ix) = uy — iny)

By virtue of the inequality (5.4) the integral in (5.5) can be given
the following approximate representation:
<o
R (2, ~c)-—_—~1—g ex (—-2‘-‘;—v1) cosl(t——c-——%’—quk
Q@

ki
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The quantities exp(~% Awrv,) and ¥ wru,, can be determined experi-
mentally, and hence ul(A )} and vi(A.) will be known, after which one can
use the following relation for finding h(t)

o
h(t) = - S H (N e\ d)
-

The latter was obtained from the Mellin inversion formula for H(s) by
going over to the Fourier integral (which is correct because of the in-
equality (5.4) ).

Conclusion.

First, the method of the incomplete separation of variables was used
in the construction of the solutions of specific problems in Sections 4
and 5 where the system of "wave" equations (1.7) served as the basis.
The subsequent application of the transformation of Efros [ 18 ] facilitat-
ed the derivation of the basic formula (2.8) for the solutions obtained.
Further generalizations, for the class of problems for D-media shown
above, as well as for other nonstationary boundary value problems (for
layered isotropic D-media with plane parallel separation boundaries; for
regions occupied by the D-medium and having spherical or cylindrical
separation boundaries) were obtained with the aid of a basic formula.
Some restrictions on the operator Kt' characterizing the D-medium, of the
type shown in the main text of the article as well as taking results from
[15, 16 ] as auxiliary material for the construction of u,(z,y,2,r) in
corresponding problems, was all that was necessary for this generaliza-
tion,

Note also that if the above mentioned restrictions are removed, one
can construct a solution by the method of incomplete separation of vari-
ables for the enumerated problems in the case of D-media, with the
difference that then a direct analysis appears to be difficult. In some
simple problems (for instance, for a half-space occupied by a D- medium)
the analysis can be performed with the aid of the generalization of the
Efros transformation and a symptotic method of analyzing disturbance
fields, In partidular. formula (4.13) was obtained in just this way.
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